Abstract. In this paper we consider equations that arise in linear viscoelastic models. Within the context of linear semigroup theory we present an approximation framework for these equations. A relevant convergence result is proved using the Trotter-Kato theorem. This work extends previous results that did not apply to equations with strongly singular kernels.
Introduction. We consider the following integro-differential equation in the Hilbert space H:
f o I dd u(t) + A Eu(t) + J a{6)u{t + 9) i fit).
(1-1)
Here A is a positive definite, selfadjoint unbounded operator on H, and f(t) is a locally integrable //-valued function. Also, E and r are positive constants. We assume that the function a{9) satisfies a{6) = f_r g(€) d£, and we refer to the function g{9) as the history kernel. Equations of this type arise in the modeling of viscoelastic beams and plates and have been the focus of much interest (see [2, 4, 7, 10, 13, 14] ). In Eq. (1.1) we may distinguish between weakly and strongly singular kernels g, in which the difference has to do with the nature of the singularity of g{9) at 9 = 0. More precisely, weakly singular kernels satisfy:
(WS.a) g(0) > 0 for 9 e (-r, 0); (WS.b) g{6)eL\-r, 0); (WS.c) g e Hl(-r, -a) for all a > 0, and g {6) > 0 for 6 e (-r,0). This class includes the function g(9) = e7°/\d\p for 0 < p < 1 and y > 0. Strongly singular kernels satisfy:
(SS.a) fl(-r) = 0, and a(0) £ Lx {-r, 0)f)H2{-r, -a) for all a > 0;
(SS.b) g{6) = a\Q) > 0 for 6 e {-r, 0); (SS.c) g(0) > 0 on (-r, 0).
In [11] we discussed well-posedness and convergence analysis for an approximation scheme for (1.1) with a weakly singular kernel. These results have proven useful for applications to parameter estimation and optimal control for viscoelastic structures (see [2, 4, 6] ). In [12] we discussed more regularity results for Eq. (1.1) with a weakly singular kernel, and we considered a well-posed state space formulation for Eq. (1.1) with a strongly singular kernel. In this paper we present an approximation framework for Eq. (1.1) with a strongly singular kernel. We make the following assumption on g(6):
g(d) = g(0)/\0\p , 1 < p < 2, where g{6) is nonnegative, continu-(Al) ous, and increasing on [-r, 0].
In Sec. 2 we describe this approximation framework, and in Sec. 3 we prove the relevant convergence results within the context of the Trotter-Kato Theorem of linear semigroup theory. In Sec. 4 we will discuss a few numerical examples.
Next we will introduce some notation and reformulate Eq. where we will use the same symbol A for such a restriction, defines a positive definite and selfadjoint operator on H, dom A1/2 = V, and a(u, v) -(All"u, Al/2v)H for all u, v e V.
Thus, V can be equipped with the scalar product (u, v)v -a(u, v). Next, following the ideas found in [18] and [9] , let W = L2g(-r, 0; V) be the w{0) = 0, and ~ € W ctU by Dw = dw/dd . Again following [9] and [18] , we introduce the state functions v(t) = u(t), w(t, 9) = u(t) -u(t + 9).
Observe that Eq. (1.1) can now be written as
where u(t + 6) -du(t + 6)/dd = -Dw(t).
Following an integration by parts, this may be rewritten as In [ 12] we showed the well-posedness of the Cauchy problem (1.4) by showing that the operator sf is the infinitesimal generator of a contraction semigroup T(t) on Z . In the next section we will discuss construction of an approximation scheme for Eq. (1.4). This completes the approximation in the spatial variable. (This part of the approximation framework is straightforward; for example, standard finite element methods may be used.)
Next we consider approximation in the delay variable. This involves constructing finite-dimensional subspaces WN'M of W, as well as an operator dn'm which approximates the operator D. In [11] we showed that the averaging scheme developed in [1] could be used successfully for discretizing the delay variable for equations with weakly singular kernels. However, for strongly singular kernels the averaging scheme is insufficient, as will be explained. We consider a modification of the averaging (M/r) Y^f=2^af-\ _ ~ 2Maf ' E™/r, we have that
Note that this is exactly like the averaging approximation of the operator D in [1] except for the term resulting from the new basis element E™ . Next define the finitedimensional space zN'M -VN x VN x WN'M, and let P^'M: Z -> zN'M be the orthogonal projection. Finally, define the operator s/N'M:
Here, fM{0) is given by
This is derived by "formally" projecting the constant function 1 ("formally" because the constant function 1 is not in W) onto WN'M according to the projection equation
Note that the integrals used to define aM are finite. To see this for the numerator of aM , observe that f®r-9g(8)d9 = f®r ffr g(e) de d9 = f®ra(Q)dd < oo . The argument for the denominator is similar. Thus, we have defined a finite-dimensional state space ZN'M and an approximate state operator srfN'M: zN'M -► ZN'M . Letting zN'M(t) = (uN(t), vN(t), wN'M{t)), we approximate Eq. (1.4) by the following differential equation on ZN'M :
In the next section we will prove convergence results for this approximation framework.
3. Convergence results. Our objective is to use the Trotter-Kato Theorem (see [16] ) in order to show that SN'M(t)P^'Mz -> S(t)z Vz e Z , where SN'M{t) and S(t) are the semigroups generated by sfN'M and , respectively. We will follow many of the ideas found in [11] , making appropriate modifications of some estimates to account for the fact that the strongly singular kernel g{9) under consideration is not in Ll(-r, 0). Proof. It follows from the arguments used in [12] to show that sf is the infinitesimal generator of a C0-semigroup that D is dissipative on W. 
lai Ik-
The first three terms are nonpositive (note that > g^t since g is nondecreasing). Also, using assumption (Al), we have (for the case p 
= X2(u, v)H + [E -J g(6)(eW -1 )dd\ a(u, v).
In [12] it is shown that n is F-bounded and coercive. </ g{6)(l-exe)dB + K f g(6){-6) d6
where |A(2 + Ar/M)_laA/| < AT, and is independent of M. Finally, observe that integrating by parts gives . . , , . )de
Xexe>a(6) dd < oo.
Thus £(0)(1 ~ e>~6) e Ll(-r, 0). Since it is also true that g{8)(-6) e Ll(-r, 0), both integrals in Eq. (3.20) converge to zero as M -> oo , and the result follows. □ We now prove the main convergence result. We refer the reader to [11] for a discussion of a similar example for a weakly singular kernel. The system (4.1) can be reformulated as an abstract Cauchy problem (1.1) and approximated by a finite-dimensional system (2.4). In this example we compare the eigenvalues of Eq. (1.1) (i.e., the eigenvalues of sf) with eigenvalues of Eq. (2.4) (i.e., the eigenvalues of s/N'M). Note that for the case a(6) = 0, Eq. (4.1) is an elastic Euler-Bernoulli beam model and the eigenvalues of sf lie on the imaginary axis. The introduction of damping causes these eigenvalues to "bend back" off the imaginary axis and into the left half-plane. However, the complete distribution of the eigenvalues is not entirely clear. For weakly singular kernels it is known that the eigenvalues lie in a logarithmic sector [12] , and we expect this behavior for strongly singular kernels also. In any case, one way to observe the convergence behavior of the approximation scheme is to first compute several eigenvalues of j/ by numeri- 14)-(3.15) ). In Table 1 we list these eigenvalues for various values of M. We remark that, while it is clear that convergence is attained, large values of M are required. This may be an unreasonable computational burden in some applications (i.e., Potter's method in optimal control theory). For this reason we are currently investigating the possibility of a nonuniform mesh for strongly singular kernels analogous to that used in [6] and [11] for weakly singular kernels. u{0) = Mj , u(s) = h(s) for -r < s < 0.
Here E is a positive constant and u(t) e K. All of the above theory applies to Eq. (4.2) except that the Hilbert spaces H and V are each replaced by the Hilbert space R (i.e., there is no spatial variable). We observe that if k = a + bi is a solution of the characteristic equation 
